The ability to reason about polyhedral forms is arguably an important element of spatial (and more broadly mathematical) visualization. This paper describes our progress toward creating real-time software "advisors" whose goal is to enhance this type of spatial reasoning. Our advisors are procedures built to augment a program named HyperGami (an educational application for the creation of paper polyhedral models and sculptures). The advisors can, in certain cases, suggest interesting spatial operations to perform on HyperGami solids; when performed, these operations will create new polyhedral variants. This paper briefly describes the HyperGami system; discusses what, in our view, it might mean to think creatively or powerfully about solid shapes; and presents our current set of advisors.
Geometers and topologists may generate a body of introspective folklore about their own mental operations; but cognitive scientists, in attempting to treat the topic rigorously, are faced with a host of puzzles relating to topics such as mental imagery, visual memory, the relationship between the senses of vision and touch, the relationship between visual and linguistic cognition, and many more. This paper is not the occasion for an attempt to sort out, or even summarize, the myriad questions over what "mathematical visualization" might be, or what role it plays in mathematical cognition and education. Nonetheless, it is worth mentioning that there is some evidence (besides the purely anecdotal) that spatial thinking is an identifiable component of human intelligence [Gardner 1983 ]; that it is an important predictor of success in college physics courses [Siemankowski and McKnight 1971] ; and that certain types of abilities linked with spatial thinking may be taught (see, for instance, Brinkmann's [1966] report of a curriculum for teaching visual thinking, or Olson's work in developing an educational toy to help teach very young children the often-problematic concept of diagonality [Olson 1970]) . It is our firm belief that-consistent with the folklore-much of mathematical thinking is indeed distinctly visual in nature, and that mathematical education would therefore profit from a greater emphasis on activities that strengthen and exercise visual and spatial reasoning.
That said, however, there are delicate pedagogical questions about how to help students develop such reasoning abilities. It would certainly be possible to create "visual workbooks", or drill-and-practice software systems, focusing perhaps on the types of problems (e.g., mental-rotation tasks) typical of standardized psychological tests of visual thinking. While such efforts may prove effective in raising students' test scores, it is our belief that they would prove equally effective in destroying any sense of enjoyment, creativity, or personal expression that students might feel in their mathematical work. Indeed, as with so many other efforts in skill-training, "visual drill-and-practice" runs the risk of placing the cart of skill acquisition before the horse of motivation: students might well learn to perform visual tasks while growing to detest (or at best tolerate) the context in which the learning is taking place.
In contrast, we believe that it is possible to create educational software environments in support of mathematical activities that are rich in important ideas and content, intensely visual in nature, and respectful of students' powers of self-expression. Over the past five years, we have developed a software application named HyperGami which reflects this educational philosophy. HyperGami is a system with which students (and adults) are able to create customized polyhedral models and sculptures in paper. As such, it might be characterized as a "constructionist" [Papert 1991 ] mathematical application-i.e., one that encourages students to create and design mathematical objects. This paper is not about HyperGami in its current instantiation. Rather, this paper is devoted to relatively recent work that we have begun with an eye toward augmenting the "basic" HyperGami program with additional tools to assist students in thinking more creatively or productively about the polyhedral forms that they can build in the system. Much of our motivation in this regard has come from observing students (and ourselves) using HyperGami and noting a variety of interesting patterns regarding the ease or difficulty that people have in thinking about polyhedra-in seeing the symmetries inherent in shapes, seeing the relationships between distinct shapes, even seeing the aesthetic or engineering possibilities afforded by particular shapes. The work that we have begun is eventually aimed toward providing useful online "advice", supplied by the HyperGami program itself, and encouraging students to think in potentially new or unexpected ways about polyhedra and the manner in which they may be altered or customized.
The second section of this paper gives a very brief outline of the HyperGami system by way of background. In the third section, we discuss the notion of what it might mean to think creatively or powerfully about polyhedral shapes; and in the fourth section we describe our current work in developing software "advisors" to assist students in developing such thinking skills. The fifth and final section of the paper describes our plans for extending this work in the near future, as well as speculation about where these efforts might lead in the longer term. 
HyperGami: A Brief Overview
HyperGami is a software application written by the authors in the MacScheme dialect of Lisp [S1] ; it runs on all color Macintosh machines with at least 16M of memory. Figure 1 depicts the HyperGami screen in the course of a sample project (here, creating a cube that has been truncated at one vertex). In the figure, the user has selected (from the Polyhedra palette toward the bottom of the screen) a cube as a starting shape. The user then brings up the "Change Solid" window which includes a variety of iconic representations of operations that may be performed upon solid shapes. Here, the user has selected the "truncate solid at vertex" icon; this selection causes a sample Scheme language expression to appear in the transcript window at the top of the figure. When this expression is evaluated, the user generates a new solid shape; this shape may then be "unfolded" to produce both the solid form shown in the ThreeD window at bottom right, and the folding pattern (also known as a folding net) in the TwoD window at upper right. In the figure, the user has shaded in several faces of the folding net on the screen.
Much more detail about the HyperGami system-and the wealth of polyhedral forms and sculptures that may be created with the program-can be found in . The figure and description above, however, should serve to indicate the basic idea behind the program: namely, that the student may design new three-dimensional shapes on the screen by applying functions (such as the "truncation" function) to pre-existing shapes. Once a new 3D solid has been created, the program will attempt to create a folding net for the shape; this net may now be decorated through a variety of means (including Scheme language expressions), printed out and folded into an attractive tangible model. By way of illustration, Figure 2 shows two examples of polyhedral figures designed with HyperGami (both are relatively complex shapes, constructed from multiple pieces). 
How Does One Come to Understand Polyhedra?
The previous section summarized the HyperGami application and suggested the (immense) range of polyhedra that can be produced in the system. While these shapes and sculptures have an undeniable appeal, they leave an important question unresolved-namely, that of mathematical content. To put the matter another way: why should these shapes have importance for mathematicians, scientists, and engineers; and what are the important ideas or themes that we as educators should stress in discussing these shapes with our students?
There are several types of answer to these questions. One style of response stresses the occurrence of polyhedral forms in nature: the tetrahedral arrangement of the bonds of carbon, the space-filling forms of crystallography, the geodesic-dome-like shape of certain microorganisms. [Cf. Senechal 1988] This style of answer might be called "naturalistic": it emphasizes the surprisingly ubiquitous character of polyhedra in the world and (by implication) would encourage students to develop familiarity with the shapes, as a bird watcher might learn the identities of so many songbirds. A related theme-one that naturally accompanies this urge toward easy familiarity with shapes-is the notion of developing a "taxonomy" of shapes, spotting a family resemblance between distinct polyhedra. This is a theme that one often encounters in mathematical writing on the subject: the classical polyhedra are related to each other by a variety of operations including stellation, vertex and edge truncation, taking the dual of a solid (identifying the faces of one with the vertices of another, and vice versa), "capping" of faces, and so forth. Finding such relationships between shapes is an activity with an ancient pedigree: the fifteenth book of Euclid's Elements (added after Euclid's death) described the inscription of a cube inside an octahedron and vice versa [Coxeter 1973, p. 30] ; while (according to Senechal [1988] ), the 16th-century goldsmith Wenzel Jammitzer wrote a book entitled Perspectiva Corporum Regularium in which "each of the five regular solids is presented in exquisite variation. Holden [1971] suggests that by truncating selected features of a solid (e.g., the corners of a cube) "[y]ou can engage in a useful exercise, which will cultivate your abilities in visualizing spacial relations and in specifying symmetries." [p. 57] Finding relationships between polyhedra is an indispensable way of knitting together the huge variety of shapes encountered in nature and mathematics. While the HyperGami system does afford students a medium in which many such relationships may be encountered in principle (i.e., the operations of truncation, capping, stretching and others are available to students), the program currently offers little guidance or advice in helping students think about the types of operations that could be employed to transform one polyhedron into another. The "advisors" to be described in the following section are intended to strengthen in particular the skill of seeing the potential relationships between polyhedra.
As an example of what this type of "seeing" entails-and before we describe our own attempts to represent aspects of this skill in software-it is worth looking at a vivid example of a talented seventeenth-century "visualizer" at work. In Johannes Kepler's book Harmonices Mundi, he provides sketches of various polyhedra, some of which suggest the author's remarkable ability to interpret polyhedral forms. Consider, for instance, Kepler's interpretation of the icosahedron. In his sketch, Kepler displays both the entire icosahedron and a "parsing" of the shape into three portions, as suggested by the two parts of Figure 3 below. (For a view of Kepler's original sketch, see Cromwell [1997] .) In Kepler's interpretation of the icosahedron, the shape is composed of two pentagonal pyramids joined onto either side of a pentagonal antiprism. By dividing the shape in this manner-by "seeing" the icosahedron as composed of three component shapes-Kepler is able to highlight the relationship between the icosahedron and other, simpler shapes. (At the same time, Kepler's sketch suggests other possible polyhedra that one might wish to construct-e.g., it would be interesting to vary his construction so that it employs a square, as opposed to pentagonal, antiprism with two pyramidal caps.) Ideally, a suite of online advisors built into HyperGami should help students work toward the type of understanding of polyhedra exhibited by Kepler. One advisor might, e.g., suggest ways in which to "slice" polyhedra-in much the same manner as indicated by Kepler's "slicing" of the icosahedron. Another advisor might suggest likely faces for which a capping operation might be tried, or might suggest an interesting vertex for truncation. (Compare the quote from Holden above.) In the following section we describe our progress toward incorporating advisors of this nature in the HyperGami program.
Several Prototype Advisors for Operations on Polyhedra
To date, we have developed a small suite of advisors that can be used in conjunction with HyperGami (and that will eventually be incorporated into the released system). In structure, a typical advisor is a procedure which may be invoked by the student (eventually from a HyperGami menu or palette), and which displays suggestions about the likely applicability of a given transformation on a solid shape. Figure 4 shows the essential idea at work for one of our operational advisors: at left, a starting shape (a truncated tetrahedron) is shown, and we wish to know whether the operation of "capping parallel edges with an edge" may be employed. We therefore call the appropriate advisor procedure: this procedure takes as its input the starting solid shape, and redisplays the shape at right with some highlighting indicating additional information. Here, one of the hexagonal faces of the original shape has been shown with its three pairs of parallel edges in distinct colors. Thus, the advisor has presented us with a plausible face upon which we can place an "edge cap", as shown in Figure 4 . In addition to the "parallel edge capping advisor", we have developed similar procedural tools for the following operations:
• Capping a single face with a new vertex • Truncating a single vertex • "Exchanging" a pair of adjacent triangular faces (as described below)
• "Slicing" a polyhedron through the plane determined by a set of vertices • Obtaining the convex hull of the vertices of a (nonconvex) solid
In every instance, the basic idea of the advisor is much as in the example shown above: we invoke the advisor when we would like to see if there is a plausible (or potentially interesting) use of the given operation on a starting shape.
As another example, consider employing our "slicing" advisor on the icosahedron (the same shape so effectively visualized by Kepler). In this instance, there are actually two related advisory procedures that we may call: one which looks for sets of four vertices composing a parallelogram that may be the cross-section of an appropriate slice through the solid, and a second which looks for linked sets of polyhedral edges that compose a planar shape which could be the cross-section of a slice.
In the first instance, our slicing-advisor takes as input the icosahedron and redisplays the shape with a highlighted rectangle as shown in Figure 5 . Here, the advisor is providing us with a (arguably nonobvious) rectangle through which we can slice the icosahedron; once that slicing operation is performed, we have the two halves shown toward the right of the figure. Figure 5 . An icosahedron, redisplayed with a "slicing rectangle" at center. Note that the upper right vertex of the highlighted rectangle is one of the hidden vertices in the view at left. At the right, the two resulting halves of the sliced icosahedron.
In the second instance, our slicing-advisor takes the icosahedron as input and redisplays the shape with the highlighted pentagon as shown in Figure 6 . Here, the advisor is providing us with a set of vertices, all linked by edges, through which the icosahedron might be sliced. (Note the difference between this piece of advice and that shown in Figure 5 : in that case, the four edges of the "slicing rectangle" did not all appear among the edges of the icosahedron.) Figure 6 . An icosahedron, redisplayed with a set of "slicing edges" (in this case forming a regular pentagon) at center. The resulting slices are shown at right. (Note the similarity to the "slicing" operation used by Kepler as represented earlier in Figure 3 .)
Two more examples of advisors at work may serve to indicate the general utility of the idea. The "triangle-exchange" advisor simply looks for instances within a starting polyhedron of two triangular faces that share an edge. Once found, these two triangles will be suggested as a possible site for the operation shown graphically in Figure 7 . Here, the original edge between the two triangles is removed and replaced by an edge between the (hitherto unconnected) opposite vertices of the two faces. In the figure we see the operation of the "triangle-exchange" advisor as applied to a capped cube. The original shape is given as input to the advisor, which highlights the pair of adjacent triangles shown at center, indicating that these two faces are a possible site for an exchange operation. Once that operation is performed, we obtain the shape depicted at the right of the figure. Figure 7 . A capped cube (left), redisplayed with two adjacent triangles highlighted (at center). When these two triangles are "exchanged", their adjoining edge is removed and replaced by an edge between the formerly unconnected vertices to form the "notched" shape at right.
Finally, the "truncation advisor" looks for vertices in a solid such that the line connecting the vertex with the "midpoint" of the solid is an axis of rotational symmetry for the solid. As an example, consider once more the capped cube (as shown again in Figure 8 ). Here, the advisor suggests the topmost "cap" vertex as a likely site for truncation, since the capped cube has fourfold rotational symmetry about the axis joining that vertex and the center of the solid. (In contrast, none of the other vertices of the solid has this property.) Once the truncation operation has been performed, we obtain the shape at the right of the figure. Figure 8 . A capped cube (at left) is redisplayed with a highlighted "top" point (at center). After the solid is truncated at the suggested vertex we obtain the shape at right.
Ongoing Work and Future Directions
The already-developed software advisors described above represent only one step toward our eventual goal of building computational advisors for visual and spatial reasoning. Some interesting HyperGami operations (such as "stretching" shapes, or joining two shapes together at a face) have yet to be accompanied by advisors; moreover, some interesting geometric operations (such as stellating polyhedra) are not currently implemented in HyperGami at all. The current set of advisors, while representing an interesting beginning, is still relatively simple: for instance, the "slicing" advisor described in the previous section can suggest only one slicing operation at a time, and hence only one of the two slicing operations implicit in Kepler's parsing of the icosahedron shown in Figure 3 earlier.
It would thus be desirable to extend even the current set of advisors so that they could suggest richer variations or combinations of polyhedral operations: just to take one more example, an advisor could suggest multiple vertex truncation operations instead of only one (as in our current implementation of the truncation advisor).
These are short-term goals for improvement of our existing system. Currently we are also at work in devising computational models whose purpose is to provide a meaningful metric of the "visualizability" of solids-the difficulty or ease with which a shape is likely to be imagined by a typical student. As part of this effort, we have conducted psychological experiments to discover the common patterns by which students tend to orient three-dimensional shapes when those shapes are visualized. (A preliminary description of the results of one such experiment may be found in .) It is our belief that the "orientability" of certain solidsthe presence of cues that people use to suggest a typical or standard orientation for solids-offer important clues as to the difficulty (or ease) of visualization of solids.
In the longer term, our goal is to develop software advisors for more complex spatial ideas. One could imagine, for instance, a "symmetry" advisor to help students identify the various symmetry operations present in a newly-created solid (and to suggest known solids whose symmetry group is the same as that of the newly-created shape). An "embedded shape" advisor might draw the student's attention to the ways in which certain shapes may be incorporated within others (for instance, by choosing eight particular vertices of a dodecahedron, we obtain the corners of an embedded cube [Holden 1971]) . Or a "polyhedra database advisor" might examine a student's newly-created polyhedron and compare that shape to others in the same "family" (e.g., when a student first constructs a cube, the database advisor might show a related set of more complex prisms).
Our hope, then, is to develop a collection of educationally effective "spatial heuristics" (in the spirit of Polya's [1957] influential work in mathematics education). Going beyond this, however, we would hope that our preliminary efforts in creating spatial advisors can eventually help us to understand more clearly the fundamental issues in cognitive science with which this paper began. By constructing working computational models of "effective visual thinking"-even tentative and early models such as those described here-we believe that we can make progress toward understanding the essential nature of mathematical visualization.
